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Abstract. A detailed account of the dependence of x-ray absorption spectra (XAs) on
polarisation and light beam directions is given. Anisotropic XAs measured on single crystals,
layered compounds, polymers and oriented powders are tabulated. The x-ray absorption
cross section by non-magnetic samples is derived, including electric dipole and quadrupole
contributions. Orders of magnitude are found for magnetic dipole and electric dipole-
octupole terms. Using a spherical tensor expansion of the absorption cross section, simple
analytical formulae are given for the angular dependence of the electric dipole and quad-
rupole contributions to xas for all crystal point groups. These formulae are valid down to
the edge and include many-body effects. They are applied to two experimental examples,
the iron K-edge in haematite and the copper K-edge in CuCl3™ . For the latter case, spherical
tensor components are interpreted in terms of molecular orbitals. The influence of unpolar-
ised and circularly polarised x-rays is discussed, as well as various experimental problems
met in angle-resolved xAs. In an appendix, the quadrupole contribution to angular xAs is
derived within the multiple-scattering formalism, along with closed expressions for the dipole
and quadrupole spherical tensor components.

1. Introduction

The polarisation dependence of the x-ray absorption spectra (XAs) was considered early
in the history of spectroscopy. In 1932, Kronig [1] noted that there should be a difference
between the spectra of single crystals obtained from polarised and unpolarised x-rays.
Then, Cooksey and Stephenson suggested that the spectra depend on the polarisation
direction relative to the crystal axes [2]. An experimental observation of this effect was
attempted in 1933 on a KBr single crystal [3] with dubious results because of a very high
noise level and the cubic structure of the sample.

From 1948 to 1951, Hellwege published a series of papers [4—6] concerning a related
problem: the angular dependence of the electric dipole, magnetic dipole and electric
quadrupole contributions to the emission of light by crystals, based on quantum theory.
In particular, he showed that the electric dipole transition probability is isotropic in a
cubic crystal. In spite of this, quite a few experiments were carried out subsequently to
investigate the angular dependence of the x-ray absorption spectra of cubicsingle crystals
(KCl, NaCl [7], Ge [8, 9], Cu [10]). The situation was more or less settled in 1963 by
Alexander et al [11], who made it clear for the XAs community that substantial infor-
mation on the angular dependence of the x-ray absorption spectra could be obtained
from group theory.
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Throughout this paper, the phrases ‘angular XAS’, ‘anisotropic XAS’ or ‘angle-
resolved XAS’ are used instead of the more common ‘polarised XAS’ because the latter
name conveys the idea that polarised light is necessary for such experiments. As shown
in §7.1, anisotropic XAs can be obtained with completely unpolarised x-rays.

Within the last few years, the number of angle-resolved XAS measurements has
increased considerably, but the angular variation of x-ray absorption spectra for non-
cubic samples is not always fully exploited. This paper gives a comprehensive account
of the angular dependence of xas for all the crystal symmetry groups. An XAs mainly
reflects the dipole transitions from the initial state. However, some pre-edge structures
of transition-metal compounds have been attributed to quadrupole transitions (see,
e.g.,[12-16]). The angular dependence of both dipole and quadrupole contributions to
XAs is given. As noted first by Briimmer et al [17], this permits a clear discrimination
between dipole and quadrupole transitions.

The present article is a theoretical investigation addressed to experimentalists and
the mathematical demonstrations are relegated to appendices at the end of the paper.
Although an attempt is made to show for specific examples how physical information
can be drawn from the spectra, the main purpose of this paper is to give ready-to-use
formulae with which experiments can be planned to obtain all the available data.

The conceptual basis of this paper is a spherical tensor expansion of the absorption
cross section. This expansion is interesting from experimental and theoretical points of
view. On the one hand, a large number of experimental spectra for various polarisation
directions can be summarised in a few spectra (the components of the expansion) that
contain all the angular dependence data; on the other hand, the theoretical absorption
cross section for all the polarisation directions can be calculated with only one run of a
multiple-scattering program. Moreover, since the tensor expansion is a consequence of
the symmetry of the sample, it is rigorous on the whole energy range. Thus, a correct
angular dependence is an indication that spurious effects (normalisation, thickness
effects, pin-holes) [18, 19] are negligible or have been properly taken into account.

The first part of this paper is a self-contained derivation of the x-ray absorption cross
section of a linearly polarised x-ray beam, discussing the approximations that lead to the
formula commonly used. Then, the angular dependence of the electric dipole and
quadrupole terms is discussed. The paper concludes with a discussion of the physical
advantage of the additional selectivity offered by linearly polarised x-ray absorption
spectra: it enables an unambiguous assessment of the quadrupolar nature of some pre-
edge peaks to be established, it yields information concerning the angular part of the
photoelectron wavefunction and it can be used to measure the orientation of a crystal
or the degree of polarisation of x-rays. In appendices, the formulae given in the text are
proved and the tensor components of the electric dipole and quadrupole absorptions
are calculated by the multiple-scattering formalism.

2. Angle-resolved absorption spectra

Angle-resolved x-ray absorption spectroscopy has been used to study single crystals
(table 1), layered compounds (table 2), polymers (table 3), oriented powders (table 4)
and surfaces. Most surface extended x-ray absorption fine structure (SEXAFS) experi-
ments show polarisation-dependent data, but no reference to any particular system is
made here since the subject was reviewed recently by Stéhr [20]. However, x-ray
absorption studies of polymers are included, although they could be considered as
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Table 1. Angle-resolved absorption spectra of single crystals
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Edge Crystal Reference

BaK-edge YBa,Cu,0, (78, 188]

Br K-edge KBr [3]
KBrO, [40]

CK-edge Graphite [105, 106]

Cd K-edge Cd (53,71,73,92, 189]

Cl K-edge NaCl 7]
KCl (7]
KCIO, [185, 186, 222]

Co K-edge Co"(NH;)4(Cl104),Cl . KCI [190)

Cr K-edge Cr'(5,10,15,20-tetra-p-tolylporphyrin)O [140, 180]
CrY¥(5,10,15,20-tetra-p-tolylporphyrin)N [140}

Cu K-edge Cu (10, 191]
(creatinium),CuCl, [82, 130,131, 134, 141, 153]
Cu(Cl,.2H,0 [131,132]
Cu(1-methylimidazole),Cl, [153]
Cu(1,2-dimethylimidazole),Cl, [153}
Plastocyanin [69, 82, 138, 139, 220]
Cu(2-methylpyridine),Cl, [139, 141, 153]
Cu(imidazole),Cl, [139, 141, 153]
Cu(imidazole), (82]
Cu(imidazole), . 2NO; [141, 153]
Cu(1,3,5-trimethylpyrazole),BF, [153]
Cu(1,4,5-trimethylimidazole), . 2C1O, [141, 153]
Culleyclam-(SC¢Fs), [138]
YBa,Cu;0, [77, 142,188, 192]
ErBa,Cu;0, [224]
La,CuO,_, [143]
Cs,CuCly [82]

Cu L-edge YBa,Cu;0,_, [144, 145, 193]

Fe K-edge Fe [129, 194]
FeCO; [129, 194, 221]
a-Fe,0, [17,129, 163, 194, 221]
FeS, [129]
biotite [76]
chlorite {76]
carboxymyoglobin [173,174]
Fe porphyrins [195]
Na,[Fe(CN);NO} . 2H,0 [75]
Azotobacter vinelandii ferredoxin I [196]

Ga K-edge Ga {47, 49, 53, 155, 156, 197-199}
GaS [80, 83, 200}
GaSySey . [200]
GaSe [83, 200]

Ge K-edge Ge [8,9, 11, 194]
GeS (58]

I1K-edge LilO, [42]

In Ly-edge InSe [83]

Mo K-edge MoO,S,(NHy), [137]
Nitrogenase {72}
(Et:N);-[FesMo,Sg(SEt) ] (72]
(Ph4P),-[Cl,FeS;Mo0S,FeCl, ] [72]

Mo Ly -edge [Et,N]-{MoOCl,(H,0)] [201]

Nb K-edge LiNbO, (44, 45]

Nd Ly-edge Nd-exchanged Na-f"-alumina [202] continued over
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Table 1—cont.

Edge Crystal Reference

Ni K-edge K,Ni(CN,)H,0 [136]
NiPc(SbFe), 5 [227]

O K-edge Bi,Sr,CaCu, 04 [110, 133]

P K-edge black phosphorus [203, 204}

P Ly y-edge black phosphorus [205]

Pt LI_[H"-edge KthCl4 [41]

Pt Ly -edge Pt!(2,2'bipyridine),NO; . 2H,O [206]
Pt(2,2'bipyridine),Pt(CN), . nH,0 [206]

S K-edge CuSO,.5H,0 [185]
MgS,0;. 6H,0 [185]
K.S:0¢ [185, 186]
GaS [80]

S Ly y-edge Cds {207]

UL, -edge RbUO,(NO;); (39]

V K-edge V,0;5 [116]
V,0;5.1.6H,0 [70]
VO(CsH;0,), (38]

Y K-edge YBa,Cu;0, {77, 188]

Zn K-edge Zn (57,208, 209]

Zan [59]

SEXAFS experiments, because they do not always require the specific conditions of surface
science (e.g. ultra-high vacuum). These tables are not exhaustive and are focused on the
physics literature but they show that angular x-ray absorption spectroscopy was decisive
for a very broad range of applications (solid-state, surfaces, minerals, organic and
inorganic chemistry, biology). Usually, the anisotropy of xas is particularly marked at
the K-edge, because the p-waves attained in the final state are highly directional.

3. Derivation of the x-ray absorption cross section

In this section a derivation of the absorption cross section including the electric dipole,
electric quadrupole and magnetic dipole terms is presented. In the specific case of the
x-ray range, the order of magnitude of the quadratic term (A?), of the magnetic dipole
contribution and of the interference between electric dipole and octupole matrix
elements are discussed. The calculations of this section will be carried out within a one-
electron framework but they can be adapted to the many-body case since the initial and
final states are not specified.

3.1. General expression of the transition amplitude

In non-relativistic quantum theory, a particle with charge g, mass m, gyromagnetic
factor g (=2 for the electron) and spin s in a potential V(r), submitted to an external
electromagnetic field (®(r, ), A(r, £)) is described by the Hamiltonian (in SI units)

H = (1/2m)[-iAV — qA]* + V(r) + q® — (gq/2m)s - B (3.1)
H=H, + (ihg/m)A - V + (ihq 2m)(V - A) + (q*/2m)A*?
+q® - (gq/2m)s- B (3.2)
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Table 2. Angle-resolved absorption spectra of Langmuir-Blodgett films (L-B), layered or
intercalation compounds.

Edge Sampie Reference
As K-edge AsFsin graphite [210]
Br K-edge Br, in graphite [63, 64, 84]
CK-edge L-B of cadmium arachidate [107,111,211,212]
L-B of cadmium tetradecylfumarate [212]
L-B of cadmium octadecylfumarate [212]
L-B of calcium arachidate {107,111, 212}
L-B of arachidic acid [111,212]
L-B of polypyrrole [213]
Ca Ly y-edge CaF,/Si(111) [214]
Cl K-edge IClin graphite [85-87]
Co K-edge CoSi,/Si(111) [94]
Cu K-edge L-B of Cu-phthalocyanine [215]
Mitochondrial cytochrome oxidase [81,91]
Cu, sNbS, [93]
IL; -edge IClin graphite [85-88]
F K-edge CaF,/Si(111) [214]
Fe K-edge Mitochondrial cytochrome oxidase [81,91]
K K-edge K in graphite [89, 104,113, 114, 216]
Mn K-edge photosynthetic water-splitting enzyme [81]
Mo Ly-edge MoS, [223]
Rb K-edge Rb in graphite (89,90, 113]
S K-edge MoS, [223]
TiS, [223]
Se K-edge 2H-WSe, [18]
MoSe, [223]
NbSe, [223]
TaSe, [223]
L-B of merocyanin dye (61}
Ta Ly-edge 1T-TaS, [135]
Ti K-edge TiS, [103, 223]
W L-edge 2H-WSe, [18]
Zn K-edge Mitochondrial cytochrome oxidase [81]
Table 3. Angle-resolved absorption spectra of polymers.
Edge Sample Reference
Br K-edge Br-doped trans-polyacetylene [21, 62, 65,67, 68,74,177,178]
CK-edge Polyethylene [181,212]
Poly(di-n-hexylsilane) [66]
Poly-3-alkylthiophene [108, 146, 147, 217]
Polyacrylonitrile [148]
IL-edge I-doped trans-polyacetylene (62,74, 176, 179]
N K-edge Polyacrylonitrile [148]
S Ly y-edge Poly-3-methylthiophene {108, 146]
Se K-edge (TMTSeF ),ReO, [117]
SiK-edge Poly(di-n-hexylsilane) [66]
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Table 4. Angle-resolved absorption spectra of oriented powders.

Edge Sample Reference

Cu K-edge La, ¢sBag sCuO, [112]
La,CuO, [226]
YBa,Cu;0, {79, 218,219, 226]
La, ,Sr,CuO, [218, 226]
Bi;Sr, 15Ca, 55Cu,04, [219]
La, 45817 15Cu,0,4 [219]
Tl,Ba,CaCu,0, [219]
T1,Ba,Ca,Cu,0, [219]

Y K-edge YBa,Cu,0, [79,218]

where
Hy = —(h*2m)V? + V(r). (3.3)

If the exciting electromagnetic field is a plane wave expressed in the Coulomb gauge
then ® = 0and (V - A) = 0 so that Vand A can be considered as commutating operators.
The term (g*/2m)A? is negligible for available x-ray sources. To show this, let I(w) be
the intensity of the impinging monochromatic x-rays. Since I(w) = (1/2)e,cA*w?, the
ratio of the quadratic term over the linear term is

q2A%/2m|/|hgA - V/m| ~ qaA|/2h = (VI(w)/w)ayV 2ra/h (3.4)

where the electron momentum |iAV | is approximated by #/a, (a, is the Bohr radius).
Oyanagi et al [21] report a typical flux of 108 photons per second at 9 keV with a 6 mm?
beam spot (energy resolution = 1.1eV), so that I(w) =2.4x 1072Wm™ and w =
1.4 x 10" 57!, which yields a ratio of the quadratic over the linear term of around 10~ 1:
the quadratic term is completely insignificant.

Therefore, what remains is

H=H,+ (ihg/m)A -V — (gq /2m)s - B. (3.5)
The incident plane wave can be written
A(r, ) = Apéexplilk - r — wn)] + Agé* exp[—i(k - r — wi)] (3.6)

where & is the polarisation vector, k the x-ray wavevector and V24, the vector potential
amplitude. According to time-dependent perturbation theory, the transition probability
per unit time for a perturbation W(¢) = Wexp(—iwt) + W* exp(iwr) is [22]

w = Qx/h) 2 |(E|W]D)|*8(E; - E; - hw). (3.7)
f
In the case of a plane electromagnetic wave, since B =V X 4,
w = (21g? |Ag|?/am?) 2 |(f|expli(k - )}{Aé - V ~ (g/2)s - (k x &)}
f

The absorption cross section o(w) is defined as the ratio of the rate at which energy
is removed from the photon beam by the photoelectric effect (whw), divided by the rate
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at which energy in the photon beam crosses a unit area perpendicular to its propagation
direction:

I(w) = 2¢g4c| Ag|?w?. (3.9)
Therefore

o(w) = (dm*ha/m?w) 2, |(Elexplik - }{AE -V — (g/2)s - (k x &)}1)[2

x 8(E; — E; — hw). (3.10)

If|i) and | f) are many-electron wavefunctions, a sum over electron coordinates and spins
is implicitly assumed.

Since the mean radius of the 1s orbital of an atom with effective atomic number Z
isay/Z.4, an accurate description of core-level absorption is given by the first few terms
of the multipole expansion of exp[i(k - r)].

To obtain a transition amplitude including the electric dipole, electric quadrupole
and magnetic dipole contributions, exp(i(k - #)] is expanded to first order:

explitk-r)]=1+ik-r. (3.11)

Then, the velocity form for the electric dipole matrix elements is transformed into the
more commonly used length form by using the equation of motion of p which is

p = —ikV = (m/ik)[r, Hy]. (3.12)
Hence
(E|h& - Vi) = —[m(E; — E;)/RKE[€ - r[D). (3.13)

Note that the equivalence of the velocity and length forms of the electric dipole operator
is valid only when the exact wavefunctions are known for |i) and |f). For approximate
wavefunctions, they are usually different [23].

To obtain the standard quadrupole term, one uses the identity [24]

ik-ré-V=(m/28)[é rk-r Hy]+ (i/2)(k X &) - L (3.14)

where L is the angular momentum operator. Therefore, the transition amplitude
becomes

~[m(E; = E)/A)E[€ - rli) — i[m(E; — E;)/2h)f
— (1/2)(E| (k % &)+ (L + gs) 1) (3.15)

where the first, second and third terms are the electric dipole, electric quadrupole and
magnetic dipole transition amplitudes respectively. In the emission spectra of oxygen
and nitrogen, the magnetic dipole transitions give rise to lines observed in the spectra
of some nebulae, called nebulium lines because they were thought to be due to a new
element not discovered on Earth. The electric quadrupole transitions in the spectra of
O is the origin of the green line of the aurora and the night sky.

E-rk-rli)

3.2. Magnetic dipole transitions in the x-ray range

A priori, the electric quadrupole and the magnetic dipole transition probabilities have
the same order of magnitude: (Z./137)? times the electric dipole [23]. However, the
magnetic dipole operator does not incorporate a radial variable, so that its matrix
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elements vanish if the radial part of the initial and final states are orthogonal. For
atomic spectroscopy, within an L—S coupling scheme, the one-electron magnetic dipole
transition rules are |Aj| < 1, Al =0, As = 0 and An = 0 (identical principal quantum
numbers). This means that magnetic dipole absorption occurs at low energy (typically
in the microwave-optical range [25, 26]). Its occurrence at higher energy implicates an
appreciable configuration interaction between the initial and final states, due to a
departure from a pure L-S coupling [25, 27]. However, such a configuration interaction
isnegligible for core-level spectroscopies, because of the large energy difference between
the initial and final states (typically 1 keV). This conclusion can be extended to the case
of molecules. Since the core-level wavefunctions do not overlap the states of similar
energy of the neighbouring atoms, the spatial part of the one-electron initial states can
be taken as an eigen-state of angular momentum centred on the photoabsorbing atom:
(r|i) = (r|nlm). Moreover, the states corresponding to all values of m are occupied.
The final states |f) of the molecule are orthogonal to |nlm) for all m. Therefore,
(f|(k % &)+ L|i) = (k x &) - (f|L|nlm) = 0 because the components of L |nlm) are linear
combinations of | nim — 1), |nlm) and |nlm + 1) which are all orthogonal to |£). The spin
contribution to the magnetic dipole transition vanishes for the same reason. Taking
spin~orbit coupling into account does not change the conclusion.

In practical calculations, the Hamiltonians H, for the initial (core electron) and
final (photoelectron) states are different, and the radial parts of the initial and final
wavefunctions are not automatically orthogonal but the agreement with experiment is
generally improved by imposing orthogonality [28, 29].

However, magnetic dipole transitions in the x-ray range are possible for heavy atoms
because relativistic effects break the An = 0 selection rule [30, 31]. An estimate of the
magnetic dipole term can be obtained from a ratio of the magnetic to electric dipole
oscillator strengths. Since this ratio increases rapidly with Z [32], we shall take the case
of hafnium (Z =72). Edlabadkar and Mande have calculated magnetic dipole oscillator
strengths of heavy atoms [32]. For hafnium, they find that the strength of the transition
K— Oyis f¥ = 107° and that of L;— Oy is f}, = 1077, According to equation (18.46)
of reference [25], oscillator strengths match smoothly to densities of oscillator strength
so that, near the edge, df}/dE = 1077 Ryd ™! and df}! /dE =107® Ryd~'. From the
absorption cross section across the hafnium K- and L;-edges [33] a jump of the electric
dipole densities of oscillator strength across the edges df%/dE =5 x 107* Ryd™! and
dff /dE = 1073 Ryd ™! is obtained. The ratio of the magnetic to electric dipole con-
tributions to the absorption cross section at the hafnium K- and L;-edges is 2 x 10~ and
1073 respectively. This ratio is still smaller at the Ly;- and Lj-edges. Therefore, even if
relativistic effects are taken into account, the magnetic dipole contribution is negligible.
This conclusion is not modified by many-body effects.

3.3. The dipole—octupole term

If the expansion of exp(ik - ) is made up to the next order, the term —(k - r)?/2 gives
rise to an electric octupole contribution that interferes with the electric dipole transition
amplitude. This is the dipole~octupole term discussed in references [34] and [35]. When
polarisation is linear, the magnetic quadrupole term is purely complex and gives no
interference. A priori, dipole~octupole transitions have the same order of magnitude as
electric quadrupole transitions. They have not been taken into account here because the
calculation of the dipole—octupole term for germanium [35] shows that it is at least three
times smaller than the quadrupole term. Moreover, a large part of it is of the form
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|(f| - r|i)|% and can be included in the electric dipole term (this is partly due to the fact
that the expansion (3.11) of exp(ik - r) does not correspond to the rigorous multipole
expansion [36]). Finally, the dipole—octupole term is negligible when the dipole term is
small and the analysis, for example, of the p/d character of the pre-peak structures
at the K-edge of transition metals can be done safely with dipole and quadrupole
contributions only. However, dipole—octupole transitions may deserve further inves-
tigation.

3.4. Final form of the absorption cross section in the x-ray range

According to the foregoing considerations, only electric dipole and electric quadrupole
terms are expected to contribute to x-ray absorption spectra significantly. The order of
magnitude of the quadrupole term will be discussed in § 5. To reach the final form of the
absorption cross section, the discussion must be restricted to non-magnetic samples.
Thentheinitial- and final-state wavefunctions can always be chosenreal (§ 18 of reference
[22]). Since the present analysis is limited to linear polarisation (except in §7.1), the
matrix elements (f| - r|i) and (f|& - r k - r|i) are real and the electric dipole and quad-
rupole transition amplitudes do not interfere. Thus, the absorption cross section that
will be the basis of the rest of the paper is:

o(w) = 4rlaho 2 {|([& - r|i)|?
if

+ (1/4)|{t| € - rk-rli)|*}8(E; — E; — hw). (3.16)
The sum over the initial states |i) is due to the fact that, in inner-shell absorption and
within a one-electron framework, all the states with energy E; are occupied. In a many-
body description there is no sum over i since the initial state describes all the electrons.

4. The electric dipole term

As shown in appendix 1, the polarisation-dependent absorption cross section has the
same structure as the dielectric constant of anisotropic media. In optics, the anisotropy
of the absorption coefficient is called pleochroism, because if white light is incident upon
the crystal, the crystal will in general appear coloured, and the colour will depend on
the polarisation direction of the incident light [37]. This phenomenon is related to the
polarised anomalous scattering of x-rays [38-45] in which the refractive index depends
on the direction of the electric vector: this is the birefringence of crystals for x-rays.

Firstly, the dependence of the single-scattering EXAFS on the angle between the
interatomic bond and the polarisation vector is given, then the angular dependence of
the full spectra is presented as a function of polarisation direction and symmetry of the
crystal.

4.1. Single-scattering region (EXAFS)

The early theories of the angular dependence of x-ray absorption spectra were usually
limited to the high-energy region [46-56]. The most famous of these theories [55] shows
that the contribution of each neighbour for a K-edge is weighted by a factor cos? «,
where ais the angle between the polarisation and the neighbour directions. This angular
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dependence was employed to analyse most of the experimental works. It has been used
tofind the neighbour distances in various directionssince, for a K-edge, the directionality
of the p components of the final state allows, in favourable cases, a selective detection
of the neighbours in each direction [18, 21, 57-94] (see also {20] for a review of the
SEXAFS work). For an Ly- or Lj-edge, the angular dependence is complicated by the
presence of two final state components (/ = 0 and / = 2) [18] which, if neglected, leads
to significant errors in the bond length and geometry derived from angular spectra [95].

Recently, it was shown that a curved-wave description of the problem gives an
addition term in sin’® « for a K-edge [96-99]. The relevance of this term to SEXAFS
experiments has been demonstrated for O(2 X 1)/Cu(110) [99]. The polarised curved-
wave EXAFS formula for an Ly- or Lyj;-edge is the sum of an isotropic term and an angle-
dependent term weighted by the Legendre polynomial (3 cos? & — 1)/2 [98]. Further
detail concerning the angular dependence of the EXAFS region is not given here since it
is now well known and, for single crystals, the structural information it yields can
often be obtained by other techniques. The specific advantage of angle-resolved xAs is
emphasised in the near-edge region where it gives detailed information on the electronic
structure of the sample.

4.2. Multiple-scattering (near-edge) region

As shown in appendix 1, the dipole absorption cross section can be written on the whole
energy range

2
oP(€) = 6P(0,0) — VB/5 2 Y3*(§)a® (2, m). (4.1)
m= -2

The first term is the isotropic absorption cross section (i.e. measured on powders), the
second term describes the angular dependence of the spectra. The second term does not
intervene in powder spectra because its average over angles is zero (f dQ, Y7 (&) =0
for [ # 0). The tensor components o°(/, m) are generally complex numbers, that will
be written oP(l, m) = oP*(I, m) + ioP'(/, m). Since oP(2) is real, oP(/, m) satisfies the
relation a®(l, —m) = (—=1)"[oP(l, m)]* (so that a(/, 0)isreal). The parameters o(/, m)
are called tensor components because they transform under rotation like the spherical
harmonics Y7*. According to the considerations developedinappendix 1, the symmetries
of the molecule or crystal restrict the possible values of o®(2, m).

The following list gives the angular dependence of the dipole contribution to the
x-ray absorption for all crystal point-symmetry groups. For completeness, the C, sym-
metry group is also included because it is encountered in many samples, such as textured
powders or crystals grown with only one axis along a specific direction, the others being
random. In an orthonormal reference frame bound to the crystal the polarisation vector
is written

sin 6 cos @
g=|sinfsing | (4.2)
cos 8

The orthonormal axes are chosen according to the International Tables for X-ray Crys-
tallography [100] when the latter are orthonormal. The z axis is always that of the Tables.
For trigonal or hexagonal symmetries, the x axis is taken parallel to the x axis of the
Tables. When reporting experimental spectra, the axes chosen must be given explicitly.



Angular dependence of x-ray absorption spectra 711

Table 5. Point groups corresponding to each angular dependence of dipolar absorption.

Angular dependence Point groups
Isotropy (i) Oy (m3m), Ty (43m), O (432), T, (m3), T (23)
Dichroism (ii) D.y(/mm), C., (*m), Dg, (6/mmm), Dy, (6m2), Cs,

(6mm)» Df) (622)5 C_éh(6/m)’ C3h (6)3 CG (6)7 D3d (gln)a CSV
(3m)v D3 (32)5 SG (3)* C3 (3)’ D4h (4/£nmm)’ D2d (421’1’1),
Cy (4mm), D, (422), Cy, (4/m), Sy (4), C4 (4)

Trichroism (iiia) D, (222), C,, (mm2), Dy, (mmm)
Trichroism (iiib) C;(2),C, (m), C (2/m)
Trichroism (iiic) Ci(D. G

As explained in appendix 1, it is the full point group of the crystal and not the local point
group of the photoabsorber that rules the angular dependence (but see § A1.3 for the
case of molecular crystals). The point groups are given with their Schoenflies and short
international symbols. There are five classes of angular dependence. The point groups
corresponding to each class are listed in table 5.

(i) Isotropy. For cubic symmetries o°(2, m) = 0 for all m and the absorption cross
section due to the dipole transition is isotropic [4, 5, 11, 52]

oP (&) = aP(0, 0). (4.3)

(i) Dichroism. If there is a rotation axis of order greater than two then o®(2, m) =
0 for m # 0 and we obtain the simple formula

aP(8) = 62(0,0) — (1/V2)(3 cos? 6 — 1)aP(2,0) (4.4)

where 0 is the angle between the rotation axis and the polarisation vector.

This formula, which is often written as o(£) = oy sin® 6 + o, cos” 8, has been known
since the late sixties [18, 52, 101] and is valid over the whole energy range (from the
edge to the high-energy region), like the other formulae of this section. It was checked
experimentally in a number of cases [18, 44, 65, 72, 81, 91, 102-111, 226]. Note that
formula (4.4) is also valid for cylindrically oriented powders and is the basis of the magic-
angle measurements that give isotropic x-ray absorption spectra from oriented powders
[112]. It should also be noticed that, at the energies where oP(2, 0) = 0, the spectrum is
independent of polarisation direction. This is a good way to check spectrum normal-
isation: the spectra for all 6 must cross at the same point. This behaviour can be observed
in some published spectra [70, 74, 81, 112-114, 143].

(iii) Trichroism. Trichroism designates the case when all the eigenvalues of the
absorption cross-section Cartesian tensor are different. An analysis of the symmetries
of the absorption tensor show that there are three classes of trichroism.

(ilia) For the simplest class of trichroism one finds that 6°(2, 1) = 0®(2, —1) = Oand
oP(2,2) = oP(2, —2) so that

oP(¢) = o®(0,0) — V3sin? 8 cos 2¢0P(2, 2) — (1/V2)(3 cos? 6 — 1)oP(2, 0)
(4.5)

and there are three independent parameters (i.e. at least three independent measure-
ments have to be carried out).
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(iiib) For the intermediate class of trichroism one has only 0°(2,1) = ¢°(2, —1) =
0 and

oP(€) = (0, 0) — V3sin? f[cos 29 o™ (2, 2) + sin 20 (2, 2)]
— (1/V2)(3cos? 6 — 1)aP (2, 0). (4.6)
There are four independent parameters.

(iiic) The most complicated angular dependence is found for the lowest symmetries.
In that case, one has

oP(8) = 02(0, 0) — V3 sin? G[cos 2P (2, 2) + sin 2¢0”i(2, 2)]
+2V/3 sin 6 cos B[cos @oPT(2, 1) + sin paPi(2, 1)]
~ (1/V2)(3 cos? 8 — 1)aP (2, 0) (4.7)

with six independent tensor components to determine. A similar expression for the
general case was given in reference [101].

In the cases of trichroism (iiia)—(iiic), the absorption cross section is polar- and
azimuthal-angle dependent. This azimuthal angular dependence has already been inves-
tigated for a K-edge [52, 115]. The present analysis is valid for any edge and more
clearly shows the number of independent parameters involved in linear polarisation
experiments. The azimuthal dependence was observed in single crystals [69, 82, 116],
polymers [66, 117], Langmuir-Blodgett films [61] and in SEXAFS experiments (e.g.
(2 X 1)O on Cu(110) [62] and (2 x 1)O on Ni(110) [118]).

5. The electric quadrupole term

In atomic spectroscopy, the quantum theory of electric quadrupole transitions was
elaborated by Rubinowicz and Blaton during the early thirties [119, 120]. The case of
crystalline materials was investigated by Hellwege [4-6]. Electric quadrupole sum rules
were developed by Rosenthal ez al [121].

In 1966, Wagenfeld [34] showed that electric quadrupole transitions were the source
of an angular dependence of the Borrmann effect, and that the electric quadrupole
contribution to the absorption cross section could be measured from this angular depen-
dence. He published with collaborators [35, 122, 123] a calculation of the intensity of
the electric quadrupole absorption based on hydrogen-like wavefunctions, finding good
agreement with experimental data for silicon and germanium. The quadrupole con-
tribution obtained is usually a few per cent of the electric dipole contribution and
increases with Z2 This was confirmed by more recent calculations [124, 125, 130, 132].
Itislargerat high energy and when the overlap of the initial- and final-state wavefunctions
is substantial [126, 127].

Therefore, electric quadrupole transitions are well within the scope of our experi-
mental capabilities, and their study can yield considerable information concerning the
electronic structure of physical systems.

5.1. Angular dependence

This section presents the general formulae giving the angular dependence of the electric
quadrupole absorption as a function of the point symmetry group of the crystal. The
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general coordinates for the wavevector and the polarisation vector are

sin 6 cos @ cos 6 cos @ cos Y — sin @ sin Y
£=]sinBsing k= cos B sin @ cos Y + cos @ sin y |. (5.1)
cos 6 —sin 6 cos y

The angle 1 specifies the direction of the wavevector k in the plane perpendicular to &.
Since the quadrupole cross section (A6) is symmetric in £ and #, it is possible to
interchange the definitions of & and & without changing anything in the final formulae.
The coordinates are chosen to sake full advantage of the crystalline symmetries. The
orthonormal axes are chosen as in §4.2.

(i) For the cubic point groups Oy, (m3m), T4 (43m), O (432), T;, (m3) and T (23), the
symmetry average yields 02(4, 4) = 0% (4, —4) = V'5/140°(4,0), the other non-iso-
tropic terms are zero and the quadrupole absorption cross section is
09(8, k) = 0°9(0, 0) + (1/V14)[35 sin? B cos? O cos? y + Ssin® Osin® y — 4

+ 5sin? O(cos? @ cos? y cos 4@ — sin? y cos 4¢
— 2 cos @ sin v cos v sin 4¢)]o?(4, 0). (5.2)
(ii) For the groups D.;(%/mm), C,,(*m), Dg(6/mmm), D;,(6m2), Ce(6mm),

D(622), Cg,(6/m), Cs,(6) and C¢(6) the only non-zero term of the fourth-rank absorp-
tion tensor is 09(4, 0), so that

0?(&, k) = 02(0, 0) + V/5/14(3 sin? @ sin? y — 1)02(2, 0)

+1/V14(35 sin? 6 cos? 6 cos? y

+ 5sin? Bsin® v — 4)0?(4, 0). (5.3)

(iii) For D34(3m) and D5(32), one has the further term 09(4, 3) = —0?(4, —3), so

that 0(4,3) = 0 and
a?(&, k) = 090, 0) + V/5/14(3 sin® @ sin®  — 1)0?(2, 0)

+1/V14(35 sin? 6 cos? 6 cos? y + 5sin? @ sin? y — 4)0°(4, 0)

— V10 sin B[(2 cos? B cos® y — 1) cos 8 cos(3¢)

— (3 cos? 8 — 1) sin y cos ¥ sin(3¢)]o (4, 3). (5.4)

(iv) For the symmetry group C;,(3m)0?(4, 3) = 0%(4, —3), so that 0%(4, 3) = O and
o2&, k) = 09(0,0) + V5/14(3 sin? Hsin? y — 1)0?(2, 0)
+ 1/V14(35 sin? 8 cos? @ cos? ¢ + 5sin? O sin? y — 4)0?(4, 0)
~ V10 sin 8[(2 cos? @ cos? i — 1) cos O sin(3¢)
+ (3cos? 6 — 1) sin y cos y cos(3¢)]oi(4, 3). (5.5)

(v) For S4(3) and C4(3) there is no longer any additional relation between 0?(4, 3)
and 0%(4, —3) so that
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0?(¢, k) = 02(0, 0) + V'5/14(3 sin? O sin? y — 1)02(2, 0)
+1/V14(35 sin? 6 cos? 6 cos? y + 5sin? @sin? y — 4)0°(4, 0)
— V10 sin 8[(2 cos? 6 cos? 1 — 1) cos B(o (4, 3) cos(3¢)
+ 094, 3) sin(3¢)) — (3 cos? 6 — 1) sin y cos Y(o (4, 3) sin(3¢)
— 0%(4, 3) cos(3¢))]. (5.6)

(vi) For the symmetry groups Dy,(4/mmm), D,4(42m), C,,(4mm) and D,(422), one
has 09(4, 4) = 0°(4, —4) which yields 09(4, 4) = 0 and

0?(¢, k) = 62(0, 0) + V'5/14(3sin? sin? y — 1)6?(2, 0)

+ 1/V/14[35 sin? 6 cos? B cos? y + 5sin? Bsin® y — 4]0°(4, 0)

+ V5 sin? B[(cos? 6 cos? i — sin? ) cos 4¢

— 2 cos 8 sin ¥ cos Y sin 4@]o ¥ (4, 4). (5.7)
For example, cos? 8 = (1/7) cancels the y-dependence of 0°(4, 0).

(vii) For the symmetry groups C,,(4/m), S,(4) and C4(4) there is no additional
relation between 0°(4, 4) and 0°(4, —4) so that

0Q(¢, k) = 020, 0) + V'5/14(3 sin? O sin? y — 1)02(2, 0)
+ 1/V/14[35 sin? @ cos? 6 cos? y + 5sin? @ sin? y — 4]0°(4, 0)
+ V5 sin? 6[(cos? 0 cos? y — sin? y)(cos(4p)o (4, 4)
+ sin(4¢)o9i(4, 4)) — 2 cos 6 sin y cos Y(sin(4¢)o¥ (4, 4)
— cos(4¢)o?(4, 4))]. (5.8)

For the other point groups, there are too many parameters to allow experimental
determination. However, for completeness, the general formula is given in appendix 3.
The additional relations given by the symmetries are listed below.

(viii) For the point groups D,(222), C,,(mm2) and D,,(mmm), one has 0%(2,2) =~
0, 094, 4) = 0“i(4, 2) = 0 and 0°(2, m) = 09(4, m) = 0 for m odd.

(ix) For the point groups C,(2), C,(m) and C,,(2/m), one has only ¢9(2, m) =
02(4, m) = 0 for m odd.

(x) Finally, the most general angular dependence is found for the symmetry groups
C (1) (no symmetry) and C(1) (inversion centre).

As expected, the number of independent parameters in each point group is that of a
fully symmetric fourth-rank tensor [128].

5.2, Experimental example

The author knows of only two successful experimental works which have been carried
out on the angular dependence of quadrupole absorption. The earliest one will be
discussed later and the second one is presented now because it gives a good illustration
of the way to plan angle-resolved experiments.

Dréger et al [129] have investigated the multipole character of the x-ray transitions
at the iron K-edge of four single crystals. The results of the previous sections will be used
to analyse their experiments.
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For a cubic crystal (such as Bcc Fe) the angular dependence only arises from the
coefficient of 0?(4, 0) which varies from —4/V/14 to 6/V/14. Since the electric quad-
rupole cross section 09(¢, k) is positive, the parameter 0°(4, 0) is restricted within
—(V14/6)0°(0, 0) < 0°(4, 0) < (V'14/4)0°(0, 0). Thisinequality shows that an angular
dependence of quadrupole absorption of single crystals can be expected only if the
spectrum of the corresponding powder exhibits appreciable quadrupole features
(09(0,0) #0). This is obvious since 02(0,0) is the angular average of positive
0°(¢, k). The full range of angular values is obtained by choosing 8 = 7/2 so that

02(¢, k) = 6°(0, 0) + 1/V14[10 sin? y sin® 2¢ — 4]0?(4, 0). (5.9)

Therefore, the beam and polarisation directions (£||[110], £]|[170] and £(/[110], £(|[001])
chosen by Driéger et al for the measurement of the quadrupole effect in cubic Fe and
FeS, are optimal since they correspond to the maximum and minimum values of the
angular coefficient of 0°(4, 0). However, they observe no angular dependence, so that
the value of 09(4, 0) is very small in BCC iron. This does not mean a priori that the
quadrupole contribution ¢2(0, 0) is negligible.

The same authors have also investigated the angular dependence of haematite
(a-Fe,03) and siderite (FeCO3), whose point group is Ds4. They have conducted four
experiments (figure 1) corresponding to the following wavevector and polarisation
directions (expressed in hexagonal indices):

(1) k||[12.0], €]][10.0] so that 8 = /2, 9 = /2, = 0 and

o, = 6P(0,0) + 1/V20P(2,0) + 6°(0,0) + 2VV5/145°(2,0) + 1/V140?(4,0).
(5.10)

(2) £[|[12.0], €[j[00.1] so that 8 = 0, y = 0, ¢ = 7/2 and

0, = 02(0,0) = V20P(2,0) + 62(0,0) = V5/1402(2,0) — 4/V140°(4,0).  (5.11)
(3) k[[00.1], £[[10.0] so that 8 = 7/2, y = &, @ = O and

05 = 6(0,0) + 1/V20P(2,0) + 6°(0,0) — V3/145°(2,0) — 4/V140°(4,0).

(5.12)
(4) k[|[00.1], &[[12.0] so that 8 = &/2, v = 7, ¢ = 7/2 and
g, = aP(0,0) + 1/V20P(2,0) + 62(0,0) — V5/140°(2,0) — 4/V1469°(4,0).
(5.13)

Therefore, 03 = 0, and

o, — 05 = 3V5/140°(2,0) + 5/V145%(4,0)
is purely quadrupole,

0, = 0, = —3/V20P(2,0)

is purely dipole.

In the Fe K-edge spectra of haematite plotted in figure 1, the value of g, — g, shows
that there is a strong dipole character at the pre-edge feature which is usually attributed
to 1s — 3d transitions. In other words, the final-state wavefunction has a relatively large
p component that indicates the presence of p and d state in that energy range. The
existence of a non-zero quadrupole component ¢, — o3 proves that there are indeed d
states within the energy range of the pre-peaks of the haematite spectra. '
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Figure 1. The angular dependence of the pre-edge Fe K absorption of a-Fe,0,: A for
@!![12.0], £[/{10.0] (—) and £]][00.1] (~--); B with the same £||[10.0] position, but for
k([12.0] (——) and [00.1] (----- ); C the difference between the latter curves; D for inter-
[ch;m]%ed kand ¢, i.e. k||[12.0], £[00.1] (---) and £[[00.1], £/l{12.0] (--- -- ) (taken from
129)).

Additional measurements would be necessary in order to extract all the tensor

components of the angle-dependent absorption spectra. To measure all the parameters,
the following procedure is possible. (i) Measure a powder to obtain a®(0,0) + ¢2(0,0).
Note that it is never possible to separate ¢°(0,0) from 02(0,0) without further hypoth-
eses. (i) Turn the sample around the crystal ¢ axis to measure 0%*(4,3). Do not align the
x-ray beam with the ¢ axis because no angular dependence is found in that case, and this
is generally true for n-fold symmetric samples with n greater than two. (iii) Take
cos? @ = 1/3 (magic angle) and sin? ¢ = 1/2 to measure 0°(4,0). (iv) Take cos® 8 =
1/3 and sin?  # 1/2 to measure 0?(2,0). (iv) Take cos? 8 # 1/3 to measure oP(2,0).

In any case, it is better to measure a large number of angles, so that the tensor

components can be deduced by fitting the experimental results to the theoretical angular
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dependence. The determination of oP-2(/, m) by a fitting procedure is particularly easy
with formulae (4.4)—(4.7) and (5.2)—(5.8) since the observed spectrum is written as a
linear combination of tensor components o°-2(/, m).

6. Physical interpretation in terms of molecular orbitals

In the previous section it was shown that, within a one-electron interpretation, the p and
d components of the final-state wavefunction can be measured from angle-dependent
spectra. This is a particular feature of K-edge core-level absorption: since the initial 1s
state is spherically symmetric, the selection rules ensure that the dipole transition will
pick up the p component of the final state whereas the quadrupole transition will select
the d component of the photoelectron wavefunction. The smallness of the d component
observed is due to the amplitude of quadrupole transitions, which is much smaller than
that of dipole transitions. The additional advantage of angle-dependent spectra is the
possibility of obtaining selective information on the p, , p, and p, components of the final
state (for dipole transitions from a K-edge) by aligning the polarisation vector along the
x, y and z axes, respectively. This type of analysis was used to study the shake-down
phenomena in copper complexes [130-132] and it enabled two groups to determine the
symmetry of the oxygen holes in high-T, superconductors [110,133]. In this section it is
shown how the tensor components can be connected to the molecular orbital description
of the final state, using the remarkable measurements conducted by Hahn et al [134] at
the copper K-edge of CuCl3™. The symmetry of the molecule is approximately Dy, . The
x-ray beam and the polarisation were in the (a,b) plane (6 = y = x/2) so that the
angular dependence is

o(¢,k) = a®(0,0) + 1/V20P(2,0) + 62(0,0) + 2V5/140°(2,0)
+1/V140°(4,0) = V5 cos 4po?(4,4). (6.1)

This angular dependence is perfectly consistent with the experimental data ( figure 2).
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Figure 2. Angular dependence of 1s —» 3d transition in square-planar CuCl3~. Cross section
(arbitrary units) as a function of rotation angle ¢ about the crystal ¢ axis (data were actually
collected for ¢ values of 0-180°) (taken from [82]).
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The authors make the further assumption that a molecular orbital describes the final
state accurately. This leads to the following conclusions. If we define

oP(1, u, 1, W) = —mahw(dm/3)2V3 2 (i|rY4(7)
if

) rY (7)

DS(E; — E, — ho)
(6.2)

and

0°(2,v,2,v") = 3nakhwk?/(20V5) 2 (i|r* Y (F)
if

EXEI2YY (F)

1>6(Ef - Ei - ﬁw)
(6.3)

we obtain, according to appendix 1,

oP(,m) = 2 (Qulp' |im)o®(1,u,1,u’) or oP(1,u,1,u') = > (lulu'|Im)a®(l,m)
uu' Im
(6.4)

and

o, m) = X, (2v2v' |Im)o®(2,v,2,v") or o9Q2,v,2,v")= >, (2v2v' |Im)a?(l,m).
2% Im -
(6.5)

The coefficients 09(2, v, 2, v’) can also be used as parameters of the angular dependence
of x-ray absorption spectra. Somehow, 09(2, v,2, v’) gives a more immediate descrip-
tion of the final state reached by the photoelectron. The tensor components 0(/,m) are
preferred because they make the crystalline symmetries much easier to account for. In
any case, relations (6.4) and (6.5) between the two descriptions are made very simple
by the square-root factors included in the angular dependences (A4) and (A8).

Let us follow the reasoning of Hahn et al with the present notation. They assume
that the only available final state at the pre-edge energy is a pure d,2_,2 orbital, so that
the angular part of the final state is given by

[£) = {d,2,2) o< (Y3(F) + Y32()). (6.6)

Then, since they measured a K-edge, |i) is a 1s orbital and (i|rY%(#)|f) = 0, so that all
oP(1, u, 1, u’) are zero and the dipolar absorption vanishes. For quadrupolar absorption,
(6.3)yields069(2,2,2,2) = 02(2,2,2, -2) = 0°(2, —2,2,2) = 09(2, -2,2, -2) = {.
Hence, according to (6.5) we find the tensor components: 027(4, 4) = 09 (4, —4) = {,
0?(4,0) = 2£/V70, 09(2, 0) = 4£/V14, 69(0,0) = 2£/V'5, and the angular depen-
dence becomes

o(€,k) = V5(1 — cos 4¢)& (6.7)

i.e. that obtained by Hahn et al.

Now, there is a problem because the experimental absorption cross section is not
zero when cos 4¢ = 1. The authors ascribe this discrepancy to the slight misalignment
of the two molecules per cell and to vibronically allowed dipole transitions. In fact,
the molecular-orbital picture is an approximation compared with formula (6.1) and a
departure from a pure one-electron d,:_,: final state could also explain this discrepancy.
Anyway, the dipole/quadrupole nature of the remaining peak can be tested with further
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angular-dependent absorption spectra, and its vibronic origin could be probed by tem-
perature-dependent measurements, as noted in reference [134].

The assumption that there is only one molecular orbital available restricts the tensor
components of the absorption considerably. Since there is only one term in the sum over
), all the oP(1, u, 1, u’) are proportional to a product of the term (i|rY%(#)|f) by the
term (f|rY# (7)|i) (whereas in the general case Z¢[(i| T|f)|* # | Z¢(i| T|f)?, where Tis a
transition operator). Therefore, since (i|rY7# (7)|f) = (= 1)* (f|rY¥ (#)|i)* there are
now three independent parameters (the real and imaginary parts of (i|#Y%(7)|f)) instead
of six for the trichroism class (iiic). The same is true of quadrupolar absorption. If there
is only one molecular orbital available, there are five parameters instead of 15 for the
most general angular dependence. The isotropic component observed by Hahn et al
could be due to the presence of several final states at the same energy. The fact that the
incident x-rays are never perfectly polarised is also relevant here.

With the foregoing example, a direct connection is established between the spherical
tensor parametrisation of the angular dependence and the atomic- or molecular-orbital
approach which was used by many workers to interpret angle-resolved x-ray absorption
spectra[21,66,110,111,117,130-149,222]. The Clebsch—Gordan coefficients necessary
for linking tensor components to molecular-orbital results are listed in appendix 4. Note
that when ligand effects are appreciable, the ligand wavefunctions must be expanded
around the photoabsorbing centre. For dipole (quadrupole) K-edge absorption, the / =
1 (I = 2) components of the expansion are picked up by the selection rule. Standard
methods exist to carry out such single-centre expansions [150, 151]. The above example
shows also that, with angle-resolved XAs, it is possible to check whether there is only
one accessible molecular orbital, provided the other causes of discrepancy, such as
misalignment or vibronic transitions, have been discarded.

Within the one-electron picture of the x-ray absorption process, one can also under-
stand the difference between a quadrupole absorption at an L;-edge and a dipole
absorption at an Ly~ or Ly-edge. In the former case, one studies the pure d component
of the final-state wavefunction, whereas in the latter case only mixed s and d information
is available. The K-edge spectra measure the value of the final-state wavefunctions near
the nucleus, while for L-edges, the initial state is not so localised. Moreover, quadrupole
absorption can yield more information since a cubic crystal may exhibit quadrupole
angular dependence, whereas the dipole absorption is isotropic. Since the angular
dependences of quadrupole and dipole transitions are always different, it is possible to
prove the quadrupolar nature of some pre-edge features (e.g. in the K-edge of transition-
metal compounds) which are often ascribed to quadrupole transitions without definite
evidence.

Natoli [152] established that, when the interatomic distances R in a cluster of atoms
are modified, the energy position of the XAs peaks shift by AE according to the rule
(E + AE)(R + AR)*> = ER®. Since Natoli’s derivation applies to the whole scattering
path operator, all the tensor components follow the 1/R? scaling (within the domain
of validity of this rule). This was verified experimentally for some transition-metal
complexes [139-141, 153].

7. Experimental aspects

In this section some of the problems encountered in the experimental investigation of
the angular dependence of x-ray absorption spectra are discussed.
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7.1. Polarisation of the incident x-rays

As already noted by Fresnel in 1821, the existence of unpolarised waves is a serious
problem for classical optics (in modern terms every solution of Maxwell’s equations
which propagates spatially as a plane wave is necessarily completely polarised). Thus,
the concept of an unpolarised wave involves quantal considerations (reference [36] p
453). In practice, the x-rays incident on the sample are never completely polarised. The
concept of wave polarisation is thoroughly discussed in §10.8 of reference [37]. In
particular, it can be shown that any quasi-monochromatic light wave may be regarded
as the sum of a completely unpolarised and a completely polarised wave. Let the degree
of polarisation P be the ratio of the intensity of the completely polarised wave over
. the total intensity of the wave. At the centre of the synchrotron radiation beam, the
completely polarised wave can be considered to be linearly polarised parallel to the
electron/positron orbit plane. Then the degree of polarisation can be measured with
standard methods [154] and is often around 95%. In an experimental procedure, it may
be useful to move the slits vertically and record the spectra in such a way that the
maximum intensity of the anisotropic components of the spectra is obtained at the centre
of the beam.
From equation (3.16), the absorption cross section can be written

o(é) = 2 g6} 0¥ = Tr{po} (7.1)

where p = {g,¢]'} is the density matrix [36] or coherency matrix [37] describing the
polarisation state of the incident x-ray beam. The matrix o describes the absorption,
and can be written as the sum of dipole and quadrupole contributions, o = o + ¢°,
that are given in appendix 3.

Equation (7.1) is valid when the incident x-ray can be described by the sum of a
completely linearly polarised and a completely unpolarised beam. This is the general
case for synchrotron radiation in the plane of the electron/positron orbit. If one defines
the x-ray and polarisation directions in the crystal reference frame by

sin 6 cos ¢ cos B cos @ cos Y — sin @ sin Y
k=] sin@sin ¢ &= cos8sin ¢ cos Y + cos @ sin y (7.2)
cos 6 — sin 6 cos

where ¢ = 0 and ¥ = /2 correspond to a linear polarisation along x and y respective
to a reference frame where the x-ray wavevector is along Oz. Then, if Pis the degree of
polarisation of the beam, the polarisation density matrix of the incident x-rays is

14+ Pcos2y Psinly

. (7.3)
Psin 2y 1- Pcos2y

p=(1/2)

An interesting conclusion of this treatment is that angle-resolved xAs can be done
with completely unpolarised x-rays. Equation (7.1) applied to the density matrix of
unpolarised x-rays gives, for the dipole absorption contribution,

m=—

oP(k) = 6P(0,0) + V2a/5 i Y7* (k)oP (2, m). (7.4)
2
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Therefore, all the parameters of the angular dependence of XAS are measurable with
unpolarised x-rays but the magnitude of the effect is divided by two. This was predicted
by Izraileva [52] and observed on Ga [30, 49, 53, 155, 156] and Cu, sNbS, [93]. Since the
polarisation direction must be orthogonal to the x-ray wavevector, averaging over
polarisation directions (to obtain unpolarised rays) is not the same as averaging over all
directions (asinapowder). This angular effect should notbe overlooked when measuring
single-crystals or oriented powders with conventional x-ray sources.

The effect of circularly polarised light must also be mentioned. Since the dipole
absorption of left- and right-circularly polarised x-rays is identical [157], equation (7.1)
still applies to o® for circularly polarised x-rays and thus to any polarisation. The angular
dependence of the dipole absorption by pure circularly polarised x-rays is the same as
that for unpolarised beams. The case of quadrupole absorption is a little more involved.
If the sample under study has specific symmetry operations (e.g. a centre of inversion),
then the equation o = P + ¢ remains valid for general polarisation. However, for
certain single crystals, there can be an interference between the dipole and the quad-
rupole matrix elements in the square modulus of expression (3.15). Then, the angular
dependence of the absorption by circularly polarised light is more complex and would
require a separate treatment. This interference is a source of natural circular dichroism
[157]. It should be stressed that all this discussion applies only when no magnetic field
(internal or external) is present.

7.2. Experimental problems

7.2.1. Textured samples. When measuring oriented polycrystals or oriented powders,
some of the tensor components of the x-ray absorption spectra can still be observed. It
was shown by Pettifer et al [112] that the Cu K-edge spectrum of La, ¢sBa, ;sCuO,
powders (which were not oriented deliberately) exhibits an angular variation, the inten-
sity of which increases with the average grain size. Generally, for textured samples, the
observable tensor components are calculated by averaging the single-crystal o(l, m) over
the crystallite orientation distribution, which can be determined by standard methods
[158]. For example, if the orientation distribution is uniaxial (which is generally the case
for powders), the anisotropic tensor components o®(2, 0), 0%(2, 0) and 0°(4, 0) can be
deduced from experimental spectra.

7.2.2. Diffraction peaks. The study of single crystals is often seriously complicated by
the presence of diffraction peaks. In this case, information about the angular dependence
of the x-ray absorption spectra can still be obtained by rotating the sample [159]. For
instance, by rotating the sample around its ¢ axis one can observe the m = 0 components
of the absorption tensors. The m # 0 components can also be measured by properly
choosing the rotation axes.

7.2.3. Background effects and normalisation. In the fluorescence detection of EXAFs,
the background signal is due to scattered radiation. The intensity of this radiation is
greatly affected by the polarisation of the incident beam and by the detector position.
This effect was discussed and calculated by Sandstrom and Fine [160].

In transmission experiments one must turn the samples around various axes. Usually,
this changes the sample thickness crossed by the x-ray beam and it is necessary to
suppress harmonics with a mirror and to keep the total absorption ud small to avoid the
socalled ‘thickness effect’ [19]. Another problem met in transmission experiments is the
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presence of pinholes or cracks due to the thinness of the sample. Homogeneity can be
checked by translating the sample in the x-ray beam and by verifying that the edge jump
is proportional to the thickness crossed by the beam. The background can also be
affected by diffraction anisotropy [161] but this effect is relatively small, confined to
specific energies and can be estimated with dynamic theory [161].

Normalisation is an important step of the analysis. It is made easier when sparse data
are recorded over a wide range around the edge (e.g. from 500 eV before to 2000 eV
after the edge). As noted above, in energy regions where the quadrupole contribution
is expected to be small, all the spectra should cross at points where o°(2, 0) = 0. This
provides a check that normalisation is correct.

7.2.4. Crystal orientation and energy calibration. For fitting theoretical angular depen-
dence (equations (4.3)—(4.7) and (5.2)—(5.8)) to experimental spectra, the orientation
of the x-ray wavevector and polarisation in the crystal reference frame must be known
accurately. The accuracy depends on the effect investigated. When studying dipole
angular variations, which are typically of the order of 10% of the edge jump, the
orientations must be known to an accuracy around 2°. Quadrupole angular effects are
much smaller and require a thorough determination of x-ray beam and crystal axes
orientations, with an accuracy better than one degree. The polarisation direction can be
considered to be constant through the sample since the rotation of the polarisation
was shown to be very small in the x-ray range [162]. An energy shift can also spoil
measurements, so an energy calibration must be made frequently with a reference
sample.

7.2.5. Temperature. Vibronic transitions are not taken into account by the present
formalism. They have not been evidenced unequivocally in xAs but their eventual
occurrence can be minimised by working at low temperature.

8. Conclusion

In this paper, a detailed account of the angular dependence of x-ray absorption spectra
was presented, including the electric dipole and electric quadrupole effects. Since each
of these terms represents a transition to different angular momenta, it is important to
be able to distinguish them. By carefully choosing the x-ray beam, polarisation and
sample orientations, it is possible to extract quadrupolar parameters, which are most
important, forinstance in the study of the density of d states in transition metals. Detailed
formulae were provided to analyse the experimental spectra in terms of two theoretical
descriptions of the absorption process: the molecular-orbital and the multiple-scattering
approaches corresponding to bound and continuum final states, respectively (an alterna-
tive interpretation in terms of crystal-field theory was proposed by Starke et al [163]).

The angular dependence of x-ray absorption spectra can also be used to orientate a
single crystal or to measure the linear components of the polarisation of an x-ray beam
in various directions with a highly anisotropic reference crystal, such as a transition-
metal complex (e.g. [131, 136, 138-140]). It allows the interpolation of spectra which
cannot be obtained experimentally (for instance with the x-ray beam parallel to the
surface).

The angular dependence obtained is very general since it includes spin-orbit and
many-body effects and does not depend on whether the final state is described as a bound
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or continuum state. However, it does not take into account the lattice distortions which
break the crystal point-group symmetries. Conversely, the presence of an angular
dependence which is forbidden by the point group may indicate that the crystal is
distorted. It should be stressed again that the present derivation does not apply to
magnetic samples. Therefore, magnetic x-ray dichroism observed with linear or circular
polarisation [164, 165] does not, in general, satisfy the formulae given here.

Although almost no mention was made of the surface x-ray absorption spectroscopy,
the angular dependence described above is also valid for molecules and can be useful to
determine the orientation of molecules on substrates {115, 149].
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Appendix 1. X-ray absorption cross section and symmetries

The present appendix is devoted to the study of the tensor properties of the dipole and
quadrupole transitions. When these properties are established, the power of group
theory will simplify the expression of the angular dependence of x-ray absorption spectra
considerably. Since the initial and final states are not specified, the final results are
completely general, including many-body effects. Firstly, the dipole transition is dealt
with, then the more difficult quadrupole transition is treated. Some of these problems
were solved very elegantly by Stedman using the diagram notation for the quantum
theory of angular momentum [166]. However, since this diagrammatic representation
is highly abstract, standard angular momentum theory is preferred here.

Al.l. Dipole transitions

The dipole absorption cross section can be written

oP(€) = dmlahw X, |(f|& - rlD|28(E; — E, — hw) = >, gg;07. (A1)
if i

It is physically obvious that rotating or translating the sample and the x-ray polarisation
does not change the absorption cross section. Therefore, g7 is a symmetric Cartesian
tensor of rank 2 [167]. Repeating the calculation of the polarised absorption cross section
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carried out in reference [98], we find, with the notation of appendix 2,

=02m=~-

!
0P(e) = dn’ahw(4x/3) 2 2 Y@L X (1utu'fim)

X ij G rYE@) | XE[rYs (F)[D)S(E; — E; ~ hw). (A2)

Since the initial- and final-state wavefunctions can be chosen real, the sum over final
states is symmetric in u, u':

; A rYs () [ EXEr Yy (7)) = Zf (i ry¥' (7)

EXElrYH (7)

i). (A3)

Now we introduce the quantity o®(I, m) which is the mth component of a spherical
tensor of rank / (i.e. it transforms as the spherical harmonic Y7'(7)). oP(/, m) will be the
parameters of the spherical tensor expansion of the dipole contribution to the absorption
cross section. Normalising oP(1, m) so that the coefficient of the isotropic term (aP(0, 0))
is unity, we obtain

2
oP(8) = 0P(0,0) — VB8a/5 X Y7*(£)aP (2, m). (A4)
where e

aP(l, m) = —makw(4m/3)*V3 2, (1uly'|Im)
up!

x 2 Gyt (7) [ EXEL Yy ()
if

)O(E; — E; — ho). (A5)

This way of writing the absorption cross section is very convenient because it shows the
angular dependence clearly. The first term oP(0, 0) is a (0, 0) spherical tensor (invariant
under rotation). In other words, it is the spectrum obtained on a powder. The second
term oP(/, m) expresses the angular dependence. The factor —V/87/5 is used to give a
simple relation between the tensor components ¢P(/, m) and the molecular-orbital
description of the absorption cross section (see §6).

Al.2. Quadrupole transitions

The quadrupole absorption cross section is

E-rk-r|D)|28(E; — E;, — ko) = 2, &6,k k00, (A6)
ifkl

0Q(&, k) = nlakw X |(f
it

o'* is now a symmetric fourth-rank Cartesian tensor. To transform Cartesian tensors
into spherical tensors, there is a standard procedure that was used for instance by
Gaisenok [168] to calculate the angular dependence of multiphoton processes. As
explained in appendix 2 within the multiple-scattering framework, the fourth-rank
Cartesian absorption tensor can be expanded over spherical tensors o®(/, m) with
azimuthal quantum numbers / varying from 0 to 4. Because of the symmetry of 02(¢, k),
the odd components (/ = 1 and 3) are zero. The final result is (the notation is defined in
appendix 2):

o0&, k) = (47/3)22V5 X, B(a, b, 1) 2 (aabf|Im)Y**(§)YE*(k)o(l, m) (A7)
abl afm
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or, in expanded form,

0(&, k) = 62(0, 0) + E((—2/9)\/14n[Y§"*(é) + Y7+ (k)] — 87/(9V5)
X (2a2/3;2m)Yg*(é)Y§*(/2)>00(2, m) + >, <16n/(3\/§)
af m
X 2, (202B]4m)Y$*(€) Yg*(lé))ao (4, m) (A8)
af

with

oQ(l, m) = 4x*akwk? /(15V5) 2 (2v2v’|cy)

fXELr2 Y (7)

x > Gl Yy DVO(E; — E; — ko). (A9)
if

Al.3. Symmetry transformations

The tensor expansion allows a simple expression of the symmetries of the crystal to
be written. The spherical tensor component o(/, m) transforms under rotation as the
spherical harmonic Y7 (7). It can be proved that ¢P(£) and 09(#, k) are invariant under
the symmetry operations of the full point group of the crystal space group [169]. There-
fore, the symmetries of the crystal can easily be taken into account. To do this, one first
notes that the absorption by an atomic species in a molecule is the average of the
absorption by all the atoms of this species and the average cross section is given by the
average of the quantities o(/, m) over all equivalent sites of the molecule. Because of
the transformation laws of spherical tensors (equation (3.215) of reference [36]), the
averaged tensor components are:

(o(l, m)) = (1/N) 2 2 Dlya(R™Vo(l, m") (A10)
R m

where the sum over R is the sum over all the N symmetry operations of the crystal point
group. Inversions do not change o(/, m) because there is an even number of r factors in
(Al) and (A6). R has been used to designate the symmetry operations because the
translations and inversions play no role and the proper rotation of each symmetry
operation is taken for R. Moreover, R ™! has been written instead of R to emphasise that
coordinates and tensors must be operated on with inverse rotations (p 93 of reference
[36]). These transformation laws of the absorption cross section of crystals were already
stated by Alexander et a/ [11]. Since the symmetry group of the electric dipole and
quadrupole cross sections is the point group of the sample space group, it will be sufficient
to list the angular dependence of the absorption cross section for all the point groups.
Equation (A10) is very convenient to calculate the influence of symmetries on the
angular dependence of the absorption cross section with a computer. However, to
investigate the same problem by hand, it is better to use the followingidea. If one rotates
the polarisation and x-ray wavevector directions according to a symmetry operation of
the crystal, then one should obtain the same angular dependence as before the rotation
and it is necessary to carry out this procedure for the generators of the group only. For
instance, a rotation of angle y around the z axis corresponds to the transformation
¢ — ¢ + yin the general formulae (A38) and (4.7). In the case of the symmetry group
C,, a generator of the symmetries is given by y = /2, and one obtains an identical
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formula after the transformation ¢ — ¢ + 7/2 in (A38) if and only if 09(/, m) = 0 for
m # 0,4 or —4, This is the result (5.8).

Here, it is assumed that the wavefunctions |i) and |f) share the symmetry of the
crystal, i.e. the spin and magnetic effects have been neglected. The rotational part of
each crystal symmetry operation is used, even when it involves a translation. This may
be surprising since the translational symmetry of the crystal is broken by the absorption
process (the photoabsorber can be considered localised). However, all the equivalent
atoms have the same probability of being photoexcited, and the absorption measured is
summed over all the atoms of the same species in the crystal. This restores the full crystal
symmetry. In the case of molecular crystals, the symmetry of the local environment of
an atom may be higher than that of the crystal (e.g. the Fe environment in sodium
nitroprusside [75]); in that case one must consider also the point group of that higher
symmetry. This may enable one to discriminate between two atoms of the same species
at different sites [138]. If one atom has a very high symmetry and the other has not,
some of the angular dependence of the spectra will come only from the atom with low-
symmetry surroundings.

Moreover, since 0%(£, k) and oP () are real, one deduces the relation o(/,—m) =
(= 1y"[o(l,m)]*. Therefore, writing o(/,m) = o"(/,m) + io'(/,m), one obtains

o'(l, -m)=(-1)"o'(I,m) and o'(l, -m)=—(-1)"c'(l, m). (A11)

Appendix 2. Multiple-scattering calculation of the tensor components of the absorption
cross section

This appendix presents a theoretical calculation of the angular-dependent dipole and
quadrupole transitions. From the result of this calculation, it will be possible to derive
a relationship between the experimental data o(/, m) and the scattering path operator
which is the output of most multiple-scattering programs. The following results are
derived in the one-electron spherical muffin-tin approximation..

Physically, the scattering path operator matrix element, 7%, = (Im|77|I'm’) rep-
resents the sum of all contributions corresponding to scattering paths starting from a
spherical wave | im) at site  and ending as a spherical wave |I'm’) at site j. In other words,
if a spherical wave |/m) is sent from site i, (Im|t7|I'm') is the component [/'m') of the
response of the molecule or crystal at site j [170, 171].

The polarised absorption cross section in the dipole approximation has been cal-
culated by the multiple-scattering approach in a number of cases [70, 137, 140, 141, 172-
187, 255]. The following provides a relationship between the absorption cross-section
tensor and the scattering path operators. The advantage of this relationship is that all
the angle-resolved spectra can be calculated at the same time. The multiple-scattering
programs give the matrix elements of the scattering path operators, from which the
absorption cross-section tensor can be derived. The absorption cross section for a given
polarisation direction can then be obtained by the appropriate linear combination (4.7).

To establish a relationship between the experimental parameters of the tensor
expansion of the absorption spectra and the theoretical calculation we need to define
the spherical tensor components of the scattering path operators by

(e, y)= 2 (=) (Iml'm’ |cy)kl — m|t®|xl'm'). (A12)

mm’
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An expansion of 7(/,!'; c, y) in terms of single- and multiple-scattering contributions
has been given in reference [98].

A2.1 Electric dipole transition

As shown in reference [98], the dipole contribution to the absorption cross section is
oP (&) = (4n)?ahwr?(1/3)2m/E2) (2, + 1) 2, MP,MP(1,010/10)(/,010|7"0)
"
X > W(llyel"; 11|11 Im{z(l, I”; ¢, y) Y1*(8)} (A13)
cy

where MP, = [r? drR,(r)rRj (r) is the atomic dipole reduced matrix element. Note
that, for notational convenience, the factor sin(8Y) is not used here as in reference
[98]. R§,(r)YTio(#) is the wavefunction of the core electron (before absorption) and
R(r)Y7 () is the photoelectron wavefunction inside the muffin-tin sphere. It is defined
so that the radial part R,(r) matches j(kr) cot(8Y) — n;(kxr) smoothly at the muffin-tin
radius of the photoabsorbing atom (89 is the /th phase shift of the photoabsorbing atom;
the index 0 refers to the absorbing site). The other symbols are defined in section A2.2.

If we identify this expression with the formula giving the experimental tensor par-
ameters (A4), we obtain

aP(c, y) = —dmahox?(1/V3)2m/E2) (2L, + 1) = MP,MP,.(1,010/10)(1,010|0)
n
X W(llgel"; )(=i/2Y{t(l, I"s ¢, v) = (=D'[e(, " e, 9"} (Ald)

Tobespecific, we shall study the case of aK-edge. Then the angle-resolved absorption
cross section reduces to:

o(0,0) = —4x/(3V3)ahwx*2m/E)(MS)? Im{z(1, 1; 0, 0)} (A15)
o°2,y) = —4x/(3V3)akwr2(2m/E)(MR)?(~i/2)
x{r(1,1;2,y) = (=1)"[*(1, 1; 2, =)]"} (Al6)

A2.2. Electric quadrupole transitions

The electric quadrupole absorption cross section is:

09(é, k) = ~mahwk? Im(E > MQ* MQ(kL|T® lKL”))(Zm/ﬁz) (A17)
mo LL”
where « is the fine structure constant, fiw is the energy of the x-ray photon, x is the
photoelectron wavenumber, L is the compound index L = (I, m) and [, and m are the
azimuthal and magnetic quantum numbers of the core electrons in the initial state,
respectively. Furthermore we have defined the atomic electric quadrupole matrix
element: M? = [ d*rR/(r)YT*(P)é - rk - rRS (r)YT'o(F), with the same notation as for the
electric dipole term.
Using

E-r=(47/3)r 2 Y (HYH(8) (A18)
A

k-r=(4/3)kr > Y¢* (F)YH (k) (A19)

u
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the atomic electric quadrupole matrix element can be written:
= (47/3)* kM7 ft 4 f dQYT*(AYT*(AYHE Y (AYE (k) YT (A20)

where M, = [r* drR ,(r)rzR?O(r) integrates the radial parts of the wavefunctions. The
product of spherical harmonics can be expanded (equation (3.436) of reference [36]):

Yi* (Y4 (F) = 2 CHLYE (A + CHLYE (P (A21)

where C3},, is a Gaunt coefficient (see A26).
First, consider the second term of this sum. On introducing it into the quadrupole
matrix element we obtain:

S c#, f AQYT* (A)YI (AYL(E)YE (R YTo()
u
= (Ua2) S YL OYHD81,8mm, =3/ (41 Prlh 818, =0 (A2)

Py ~

since the Legendre polynomial P,(k - &) = k - € = 0. Therefore, we obtain:

= (4x/3)kME 2 CleCln YHOYHE) (A23)
and the quadrupole absorption cross section becomes
00(, k) = ~mahwk?(2m/h?)(4r/3)4k? E MQMQ

ol

x Im(EE S CHuC Y @Y Y @7 (B

v’ AA uy’
x 2 X clomoclmy (lm|t® |Kl'm! >> (A24)
mqo mm’

The above expression will be simplified in three steps.
(i) The last sum (over mg, m and m' ) can be evaluated by using the expansion of the
scattering path operators over spherical tensors [98]:

im|T®|kl'm'y = 22, I'; ¢, Y)(~= 1)1 = mI'm’ | cy). (A25)
cy

Following equation (3.437) of reference [36] we define the reduced matrix element:
(a|bllc) = {(2b + 1)(2c + 1)/[47(2a + 1)]}/2(b0c0|a0)
so that the Gaunt coefficients can be written
Ct5e, = (allbllc)bBcy|aa). (A26)
Using this notation, the identity (3.269) of reference [36]
2 (Imaa|l'm’ Y(1'm'bB|I"m")

= > [ + 1)(2c + D]2W(lal"b; I'c)(aabB|cy)(Imey | I'm") (A27)
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and the orthogonality of the Clebsch-Gordan coefficients we find:
2 X clmciry, (clm|t® [xl'm') = U |[112)0 1 [12)

im2v >~ I'm' 2
mg mm’

X 2Tl 0, v) (2l + DW(RLcl' ;12)(—1)" (202 = v'|cy). (A28)
cy

when W(2l,cl’;12) is a Racah coefficient [36].
(ii) To calculate the intermediate sum (over A, A', u and u' ), we first write

YA (O)YE (8) = 2 Clh Y (6) (A29)
i (13)Y‘1"(13)=§ Clt g YE* (K). (A30)

Then one uses the coupling formula (A27), with dummy indices (d, ), to carry out the
sum over 4 and ', next the orthogonality relation for the sum over A’ and u, and finally
the coupling formula again for the sum over the dummy index d to obtain

2 2 Chu Cln Y1 (O Y1 (O YE (9T (k)

AL !

=112 Eb Al 1flax1)1]s) Eﬁ Ye* (&)Y5* (k)

X >, 2 152d + D[(2d' + 1)/(2a + 1)]V2(~1)E+¥

déd d
x W(al21; 1d)W(21b1; 1d)W(b2a2; dd')
X (2 - v2v|d'8")(b — Bd'S'|a). (A31)

(iii) The first sum (over v and »’) is now completed by using the orthogonality of the
Clebsch—~Gordan coefficients. This gives:

0(é, k) = —mahwx*(2m/h*)(4m/3)*k? (21, + 1){2||1]1)?
x 2 MEMELoll2)0o 12y 2 WRloel's 2)

x 2 (11]a)1[[1[1B)15 X (2d + 1)W(al21; 1d)W(b121; 1d)
ab d
X W(a2b2,; dc) Im (2 (aabBlcy)Y2* (§)YE*(k)t(l, I'; c, y)). (A32)
afly

The above expression may seem complicated, but it can be made more explicit by
noticing that, because of the selection rule included in <1||1Ha> a and b are 0 or 2.
Secondly, the initial expression (A6) for 02(2, k) is symmetric in & and k. If we inter-
change & and k in (A32), then interchange (aa) and (bf) in the sums, we must use
(aabBlcy) = (—1)*8*¢(bBaa]cy) to obtain the same expression. Since aand b are even,
the equality of the two expressions before and after the interchanges shows that no term
in which ¢ is odd contributes to the sum. This, together with the triangle condition on
(aacbB|cy) proves that ¢ can only take the values 0, 2 and 4. Therefore, if we call

B(a,b,c) =15 2 (1]1]laX1[1]b) = (2d + 1)W(a121; 1d)W(b121; 1d)W(a2b2; dc)
ab d (A33)
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we can compute the only terms that contribute to the cross section once and for all:
B(0,0,0) = V5/4x B(2,0,2) = B(0,2,2) = —(1/47)V/7/10
B(2,2,0) = 1/20x B(2,2,2) = —1/207 B(2,2,4) = 3/10x.
For a K-edge this yields

0%(é, k) = —nahwx*(2m/h*)(41/3)% k> (1/10)(M$)?

x >, B(a, b, c)Im (% (aabBley) Y *(&)YE* (k)T(2,2; ¢, y)). (A35)

abc

(A34)

If we identify the general result (A32) with the definition of the experimental
parameters of the tensor expansion of the electric quadrupole contribution to the
absorption cross section (A7) we obtain

09(c, y) = —makox(2m/hH)4x/(15V K (2L, + 1)(2[1]|1)?
x 2 MM, (oll2X W loct': 2Y(=i/Dfe(. 1 e.7)
= (=) e, =] h (A36)

If one averages the above result over polarisation and wavevector directions (taking
into account the fact that these two vectors are orthogonal), one obtains the quadrupole
-absorption cross section for unoriented samples:

(09 = — mahwx>(2m/h?)k*(1/15)
x S (MR)2 VI + 1 (1020]1,0)* Im{x(Z, 1; 0, 0)}. (A37)
1

It can be checked that, as expected, (¢©) = 62(0, 0).

Appendix 3. General formulae for samples without symmetry

A3.1. Angular dependence of the quadrupole contribution to the absorption cross section

The most general angular dependence of the quadrupole contribution to the absorption
cross section contains 15 parameters, the experimental determination of which would
be extremely difficult. However, for completeness and theoretical applications, this
appendix is devoted to the general expression:

0Q(&, k) = 6°(0,0) + V5/14 (3sin? B sin? y — 1)0°(2, 0)
+2V/15/7 sin @ sin y[cos O sin Y(o° (2, 1) cos ¢ + 09(2, 1) sin @)
+ cos Y(o(2, 1) sin ¢ — 0?(2, 1) cos )]
+V15/7[(cos?Bsin?y — cos? ) (02(2,2)cos(2¢p) + 0¥(2,2)sin(2¢) )
+ 2 cos @ sin y cos Y(0¥ (2, 2) sine) — 09(2,2) cos(2¢))]
+1/V14 [35sin? 8 cos? B cos? y + Ssin® 6 sin® y — 4]0 (4, 0)
+ V/10/7 sin [(14 cos? 8 cos® y + 8sin? y — 7) cos 6(c? (4, 1)
X cos @ + a%i(4,1) sin @) — (7 cos?8 — 1) sin  cos (0¥ (4, 1)
X sin ¢ — 09i(4, 1) cos )] — 2V/5/7 [(7 sin® 6 cos? @ cos? ¢
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+ cos? Gsin’y — cos? ) (097 (4,2) cos(2p) + 0¥ (4,2) sin(2e))

— (7 sin? 6 — 2) cos 8 sin y cos Y(0 (4, 2) sin(2¢)

— 09(4, 2) cos(2¢))] + V10sin H[(1 — 2 cos? B cos? )

X cos 8(a" (4, 3) cos(3g) + g“i(4, 3) sin(3p))

+(3 cos?6 — 1) sin y cos Y(0°7(4, 3) sin(3¢) — 0 (4, 3) cos(3¢))]

+ V5 sin? 6[(cos? 6 cos? ¢ — sin? y)(a (4, 4) cos(4¢)

+ 09(4, 4) sin(4¢)) — 2 cos 8 sin y cos Y(0 (4, 4) sin(4¢)

— 0% (4, 4) cos(4¢))]. (A38)
A3.2. Dipole absorption matrix elements

In §7.1, adipole absorption matrix o® was defined to calculate the response of a sample
to an x-ray beam with general polarisation. In this appendix, the matrix elements of this
matrix are given. The incident x-ray wavevector is that of §7.1. Formulae (A39a)-
(A39¢) are for a sample without symmetry. To take the symmetry of the crystal into
account, keep only the non-zero tensor components o (/, m) of the corresponding
point-symmetry group, as in §4:

oP= = ¢gP(0,0) — 1/V2 (3sin? 26 — 1)0P(2, 0) — V3 sin(h)

X (cos (2, 1) + sin oP'(2,1)) = V3 cos? 8(cos2p)a (2, 2)

+ sin(2¢)oPi(2, 2)) (A39a)
0P = P = \/3sin (sin o' (2, 1) — cos poP(2, 1))

+ V3 cos B(sin(2¢)o™" (2, 2) — cos(2p)oPi(2, 2)) (A39b)
oD = ¢P(0, 0) + 1/V2 oP(2,0) + V3 (cos(2¢)o™ (2, 2) + sin(2g)a™i(2, 2)).

(A39¢)

A3.3. Quadrupole absorption matrix elements

This appendix gives the matrix elements of 0°. The incident x-ray wavevector is defined
in §7.1. Formulae (A40a)-(A40c) are for a sample without symmetry. To take the
symmetry of the crystal into account, keep only the non-zero tensor components
09 (I, m) of the corresponding point symmetry group, as in § 5:

0% = g2(0,0) — V5/140°(2, 0) — V15/7 (6%(2,2) cos(2¢) + a%(2, 2) sin(2¢))
+ 1/V14(35 sin? 8 cos? 6 — 4)0°(4, 0)
+V/35/25in(26) cos(20)(0° (4, 1) cos @ + a2 (4, 1) sin )
— 2V/5/7[(7 sin? 6 cos? @ — 1)(0% (4, 2) cos(2g) + 0% (4, 2) sin(2¢))
—V/5/25in(20) cos(26) (0% (4, 3) cos(3p) + o (4, 3) sin(3¢))
+V55in?0 cos? B(0 (4, 4) cos(4q) + 09 (4, 4) sin(dg)) (A40a)
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0% = g% = V15/7 sin (0¥ (2, 1) sin ¢ — 09(2, 1) cos @)

+ V15/7 cos 8(0 (2, 2) sin(2p) — 09(2, 2) cos(2¢))

— V/5/14 sin 6(7 cos? 8 — 1)(0¥ (4, 1) sin ¢ — 0%(4, 1) cos @)

+ V/5/7 cos 8(7 sin? 8 — 2)(c% (4, 2) sin(2g) — 0% (4, 2) cos(2¢))
+V/5/2sin (3 cos? 8 — 1)(0% (4, 3) sin(3¢) — 02 (4, 3) cos(3¢))

— V5 cos @sin? B(a (4, 4) sin(4p) — 09 (4, 4) cos(4¢)) (A40b)

o = ¢2(0, 0) + V/5/14 (3 sin® 6 — 1)0°(2, 0)

+V15/7 sin(28)(0¥ (2, 1) cos ¢ + 02(2, 1) sin )

+ V15/7 cos? 8(a?7(2, 2) cos(2¢)

+09(2,2)sin(2¢)) — 1/V14 (5 cos?8 — 1) 0°(4, 0)

+V/5/14 5in(20)(0% (4, 1) cos @ + a2 (4, 1) sin )

—2V5/7 cos? 8(0¥ (4, 2) cos(2¢) + 0% (4, 2) sin(2¢))
+V/5/25in(26) (0% (4, 3) cos(3¢) + 0% (4, 3) sin(3¢))

— V/55sin? (0% (4, 4) cos(4¢) + 0% (4, 4) sin(4g)). (A40c)

Appendix 4. Useful Clebsch—Gordan coefficients

Since the Clebsch—Gordon coefficients used satisfy the symmetry relations
(UmI'm'|I'm")y = (I = ml' = m'|[l" = m") = (I'm'Im|I"'m"), the following list is sufficient
for translating the molecular-orbital picture into the x-ray absorption tensor components
and vice versa:

(1010/00) = —1/V/3 (111-1[00)=1/V3 (101020)=V2/3
(111-120)=1/V6 (101121)=1/V2 (111122)=1
(2020(00) =1/V'3 (212 -1]00)=-1/V5 (222-2/00)=1/V5
(2020[20) = — V2/7 (212-1]20)=1/V14 (222 -2120)=V2/7
(202121) = —-1/V'14 (222 -1]21)=V3/7 (2022|122)=V2/7
(212122) = - V3/7 (2020/40) =3V2/35 (212 — 1]40) =2V/2/35
(222 -2/40)=V'1/70 (2021141) =V3/7 (222-141)=1/V14
(2022]42) = V3/14 (2121]42) =2/V7 (2122]43)=1/V2
(2222]44)=1
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